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The purpose of this paper is to continue to develop the 
social welfare model of Brown and Johnson [The American 
Economic Review, March, 1969, page 119}. We introduce a 
normal distribution (u,o*) with mean u, variance o”? as the 
characterization of the risk that additively enters the product 
demand function facing the firm. The optional price still 
equals the short run marginal operating cost. We observe the 
optimal output when the mean or variance of risk increases, 
using the least-square method we eStimate the linear relation 
between the optimal output and mean or variance of risk. 

In the second model we introduce the expected monopoly 
profit and observe how both the optimal price and output 
vary as the mean or variance of risk changes. As the final 
step, we compare the results of two kinds of models, and find 


that which 1s the least affected by risk. 
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CHAE isk 


THEORY OF THE SOCIAL WELFARE FUNCTION 


1.1 Introduction to the Models 

When firms are competitive, the quantity of product is 
set at an equilibrium point where the price is equal to the 
marginal cost for each firm. But in the real world, there 
is sometimes only a single firm producing a product or demands 
of customers are not in steady state. 

There 1S a respectably large body of economic literature 
that presumes to establish a relationship between the polar 
market structures of monopoly and pure competition and the 
consequent industry performance. Almost all of this literature 
considers only the case of a deterministic demand function. 

This paper will consider what effect the introduction of a 
stochastic demand function will have upon the predicted market 
structure-performance correlation. Risk has been introduced 
into economic considerations in several ways. The most common 
Setece 1s to define the decision-makers’ utility function in 
terms of an expected utility hypothesis. 

An alternative approach is to ignore the expected utility 
hypothesis and treat the stochastic elements as strictly 
limited to optimization in terms of operationally cefined 


economic variables. This latter approach will be followed. 





Brown and Johnson introduced models of a firm's decision- 
making process under uncertainty, and demand has generally 
been defined only as a single product. Brown and Johnson 
introduced two ways in which the risk enters the demand 
function: As an additive random variable; and as a multi- 
plicative random variable. We shall choose additive random 
variable way since it facilitates analysis of the problem. 
We extend the model of Brown and Johnson by introducing risk 
when the mean is not equal to zero. Chapter I describes the 
fedels With formal distribution (u,¢°) of risk. Chapter II 
indicates the trend of the optimal output as the mean or 
variance of risk increases. Chapter III introduces another 
kind of model, maximization of the expected profit of a firm, 
and derives the trend of output and price when the mean or 
variance of risk increases. Chapter IV contains the 
conclusions. 

We are interested in the social welfare function that we 
develop and extend in Chapters I and II. Following Brown 
and Johnson we define the social welfare function as the 
difference between expected willingness to pay and expected 
SO5cs. 

In the model of maximization of the social welfare 


function under linear demand, the optimal price will always 


* 

Louo trestle y ee Eheing anc: Output under Risk," by 
Gardner Brown, Jr. and M. Bruce Johnson, The American 
Beonomic Review, March 1969, page 119-128. 








be constant and lower than, and the optimal output will 
generally be higher than, their counterparts in the riskless 
model, regardless of the manner in which the risk term enters 
the analysis. 

In the model of Chapter III, the optimal price and output 
are lower or higher than the price and output in the riskless 


demand according to its mean and variance of risk. 


1.2. Optimal Decisions under Deterministic Demand 

Measure of welfare loss due to monopoly is consumer 
Surplus (shaded area 2*). The monopoly profit would be 
redistributed from the monopolist-producer to consumers by 


a shift to competition. 


consumer surplus 


monopoly profits 
or redistributed ' 
economic welfare 


C Ac (mc) 


fo) 
2) 
% 

Pa 
AN 


MR 





MR: marginal revenue 

MC: marginal cost 

Q,: optimal output under monopoly operation 
Piss optimal price under monopoly operation 


co? optimal output under competitive operation 


Under deterministic demand, the aggregate social welfare 
is expressed as the shaded area in Figure 1 below and that is 
the sum of consumers' surplus and redistributed economic 


welfare. Assumed constant cost supply. 
OFM GlenttEy OF OUEDUt 


PeeUn heap lheeror OULD: 


Ge (hale Gerus teni ibd athe 


the monopoly social welfare 


my 
o 


-_—<- - ~~ =—- _-_ - - 


©) 
52) 
52) 
° 
52) 





Assume the demand function is linear monotone decreasing 
as P increases, and differentiable, Q = X(P). So the social 
welfare function We should be expressed as a function of 


guantity Q. 


P= X ~(Q) 
Qa, = 
Ww = f ae O) dO = CO 
oO 0 O 
c=b+8 


where b,fB are constant and defined in 
Section 1.3 


Now we find the optimal price and quantity of output such 


met the SOCclal welfare 1S maximized. The first conditions 


are: 
ow, 5 Q -1 
nee (OT f orm) Ome 7 0 
904 906 0 
ee | = 
= X (Q,) = ae: 
Po =c= b+ 8B 
a 
Q, = X(b+8) 
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time Seconda Order COndLeELoOns;: 





ad 


Since the function Q is assumed to be linear and negatively 
sloping with respect to P, or, inversely, the function P is 


linear and downward sloping with Q: 


mat is, 


So that the welfare function is global maximum at (Es Q,): 


iso. The Model with E(u) = 0 


Uncertainty may enter the demand function in this way: 


D= X(P) + u additive model 


P: price of production 
MCE) ee EUnet @neot P with certainty 
uz: continuous random variable 


E( Wem prObabtlLty density fucntion of u 


iat 








The following properties are attributed to f(u): 


+00 OL 
ook LA) dus .0 5 Bove — ee (a) a 
+00 9 


janie 6 CO) dia < “ae 


Suppose the plant manager arbitrarily chooses values P 
and z before he knows the actual value of u. The actual 


Sales of the product are: 


X(P) + u TE | zZ>X(P)+u 


Z Tae Z<X(P)+u 


where Zs) Capacity of production 


X(P)+u : actual demand 
tie linear eost Lunction 1s: 


c= b E(S) + £2 


beerconsctane Marcinal COSt Of producing output 
DeCOnstalbescoOSt fOr One Unit Gl z during the demand 
period 


E(S): expected sale quantity 


/ a2 





The welfare function is composed of the expected value 
of willingness to pay, the expected value of variable cost 
and the capacity cost known with certainty so the welfare 


function is chosen: 


W, = E[willingness to pay] - Ef[average variable cost:sales] 


- E{capacity cost]. 


Now the problem is to find out the optimum point (P*,z*) 

j of which the manager arbitrarily chooses before he knows an 
actual value of u in order to maximize the welfare function W. 
If the value of u is negative and large enough in absolute 
value, demand will be less than or equal to the capacity of 
the plant. 


The area under the demand function is consumer's surplus. 


The area for consumers' surplus is equal tototal revenue only 


in the case of "perfect," or "first degree" price discrimination. 
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The shaded area is: 


2~X (P) Re) 


A= f £ (u) if [X(t)+u]dt + P- [X(P)+u] du 


When u takes on large positive values, the actual demand will 
be greater than output z, the shaded areas are the consumers’ 


Surplus and total revenue. 





a 
oo X ~(-u) 
5B = i; Ey) | ye [X(t)+tuJdt + P* [X(P)+u] du 
P 


~ [E(L,) + E(L,) ] 
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oo ea) 


E(L,) = JE 4) i IxX(e)tu—-7)] at du 
Z-X(P) p 
E(L,) = f f(u) P°*{X(P)+u-z] du 
Z-X(P) 
PO eal Z-X(P) 
L,: the losses in surplus 
L.: the losses in revenue 


The expected sales is equal to expected demand X(P)+u 
Over the entire range of random variable u such that 


u S 2-X(P) plus expected demand z over the range Wee CE). 


Z-X(P) co 
E(S] = Jp [X(P)+u] f(u) du + ii vie BODY To ntl 
—00 Z-X(P) 


Finally the welfare function is obtained 
W. =A+B-C (Appendix 1) 
Differentiate W, with respect to price and capacity, the 


meest Order conditions for maximization of the welfare 


function are: 


nS 








Peete) | 2x (P) ] = bx* (P) 


oo 


Z-X (P) 


tae second Order condltlons: 





aw, a-W, 
os 2 a0 
oP OZ 


F[z-X(P)] = 0 


f Hie tee lediee se = (0 


(Appendix 1) 


(Appendix 2) 


The simultaneous solutions of the two first-order conditions 


indicate that price equals short run marginal operating cost, 


and optimal capacity should be shosen such that marginal 


Capacity cost.is equal to the truncated mean of the difference 


between the willingness to pay and the actual price for the 


marginal disappointed purchaser of the commodity. 


The second order conditions are satisfied so the welfare 


function is a global maximum at point (P,* z4*) the solutions 


@eetne first order conditions. 
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Appendix 1 Ueto -) 


Z-X(P) xt (-y z-X 
2S f 1 G58) f (X(t) +u]Jdtdu + Jf 
= teu) ree) 
B = sf (50) eee [X(t)+uJdtdu + f 


Zea P) 4 z-X(P) 


= E[L,] = E[L,] 


ce X ~ (~-u) 
AtB = ff £(u) f COCs edtau 
—0O Pp 
+00 


fee  Pix(P)tuji(uydu — B[b,) = BIL] 


oa OO 


+00 x? 1) : 
AtB= fs £(u) ff PaGajermidtdue® P= xP) 
—6O Pp 
- E[{L,] - E[L,] 
W, = A+B-C 


wees CS) 87 


IL} 


P- {x(P)+uJ]£(u) du 


Pa Py | (a 








: ; ; = 
Defined: X' (P) xD < 0 
2 
Xx" (PB) = 2X = 0 
dP 


+00 xt (Hu 
[psa Gb ee [X(t)+u] dtdu + P X(P) 
ae OO P 
7 Xe (=u) 
~ f £ (u) if [X(t)tu-z]dt + P[X(P)+u-z] 
Z~X(P) P 
Z~X(P) co 
-b A [X(P)+u]£(u) du + f 70 (eeu 
—o Z—-X(P) 
W, = (1) + (2) + (3) 
Assume (1), (2), (3) converge to some limit as u>*°@ : 


fee) 


J £(u) [-X(P)-u]du + X(P) + PX'(P) 


aw OO 


-X(P) + X(P) + PX'(P) = P X'(P) 
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du 





oO 








ap =< £ (a) -{X(P)+u-z] + X(P) + u - z+ PX'(P)! du 
Z-X(P) 
x g-24x(P)) 
eet 2G) Jr [X{(t)+z-X(P)]dt + P[X(P)+2-X(P)-z 
P 
eG CE.) 
a f PX'(P) £(u) du 
Z-X(P) 
5 (3) Z-X(P) 
ye = =) if X'(P)£(u) du + [X(P)+z-X(P) ] 
pea ey (ae h )) a= i 2b (Zax (PF) ) (—xX* (P)) 
Z-X(P) 
= -b df Ce) ek (Cu) eel 
since: 
Z—-X(P) <2 
f [X(P)+u]f(u) du and f Zat) aU 
an’ OO Ze ) 


are assumed to converge to some value as u7*© 
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— ey 9 (2) ane) 
aie 9 ype 5p 
co Z-X(P) 
= 10102) ae I Peete) Si (uedue— bx’ (P) Jf 
Z-X(P) aad 
zZ-X(P) Z-X(P) 
= P X!'(P) if fa Woneciue == be (PP) f 
aw, Z-X(P) 
Bee «UP  b) Xk (P) me re (by) cst 
2 a 
92Z oe 
coal 
oo X ~(z—-u) 
ote) = - flu) | ff 
Z-X(P) Pp 
= 
OX a Se du + £(z-X(P))* 
x + (g-z+x (P)) 
: f [X(t)+z-X(P)-zJdt 
P 
+ pexnreeate at 
5 Ete) (Se fesm) SiS = Ti) ete 
Z-X(P) 
= i x (g-u) EY) «60 
Za Xk) 
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de th) een 


(ail) le Sas [X(X > (z-u))+u-z] 





o> 





oP 





Ore 


+ 





POC eae ee) a (Z= x (P))) 


co 





iG fu) du —eze £(2—x (P) ) 

Z-X(P) 
=-=-b f 2 (0) Mure bas) 

Z-X(P) 
0 (2) 0 (3) 
OZ 7 OZ 

-] a 
X “(zg-u) £(u) du - b f 

Z-X (P) 

Balint ¢-eat) oa “be aT) es to 


f 
Z-X(P) 


Zak 





EE (a) 7a — 6 








Appendix 2 


3 Zeek”) 


al 
= = Ir iee—" bie (2) £ (uu) au ag 


om OO 


The function [2] is converged as u * © so we can take 


Merivatives: 








ae, Z-X(P) 
a i Meer ae (i) du 
dP —co 
+ [P - b] X'(P) £(2-X(P)) 
SU Eye 7 IF BP > b then: 
2 
° Hn < 0 
2 
oP 
ow, oo -1 
eT i [X ~“(z-u) -b] f(u) du - 8B [3] 
Z-X(P) 


The function [3] is also converged when u > © 
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i ¥ 2. [x +(z-u)] £(u) du 


~ [x (2-2+X(P)-b] £(z-X(P)) 


[x + (z-u) ] £ Cu) au 


II 
—, 


Z-X(P) dz 


- [P-b] £(z-X(P)) 
= (x +(2-u) ] <0 


miemsame explanation in section 1-2 if P > b then: 


ZS 





ioe The Model with E(u) = 


in bias Section we introduce a random variable wu with 


nonzero mean, probability density function f(u) and finite 


variance. 
+00 0 
Sf uf(u) du = u eer oe (ul). du 


The sum of the areas A and B now becomes A'+B‘' and equals: 


A' + B' =A+B+ P 


and the expected sales: 


Z-X(P) 00 
E[S'] = ii [X(P)+u] £(u) du + f Zee nly 
—0 Z-X(P) 


The expression of the welfare function W, is almost the 


same as W,in the appendix 1 


We = A' + B' - bE[S] - 82 
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+o a 
i > ir 2E1GCy [X(t)+u] dtdu + P X(P) + uP 
=O P 
00 xt ¢2-u) 
- f re (G6), Jf [X(t)+u-z]dt + P[X(P)+u-z] du 
Z-X(P) p 
=) 
Z-X(P) 00 
-b| Sf (ee tty ie) cl z f(u)du -Bz 
— 00 Z-X(P) 
Take the first derivatives and set equal to zero: 
OW. Zee) 
ape eee) if f({u) du = 0 
a RO a ( 
— = [X Z-u) ~b) £(u) du -g = 0 appendix 3) 
y Z-X(P) 


and the second order conditions are the same expression in 














appendix 2 
aw, Z-X(P) 
| nied Oe Edited | P=py x (Pt (ZX (P) ) 
p = CO 
aH, 
mr P ? b then 5 < 0 
oP 
ow, roe) 5 = 
a J yz (X “(z-u)] £(u) du - [P-b]f£(z-X(P)) 
OZ zZ-X(P) 
2° W, 
ea) 5 <JiOe & 7 
OZ 


The optimum price is independent with mean and variance of risk. 


Zo 





Appendix 3 


+00 me (nb) 
(4) = f £(u) J [X(t)+u]dtdu + P X(P) + uP 
—oo PE 
00 -1 
BE X ~ (z-u) 
= heer ew) if Poteau 2) ates P| CR yeeu—z | du 
P 
Z-X(P) oo 
(6) = -b Jf [X(P)t+u]f(u)du + f Za (eau - £2 
—0 Z-X(P) 
Wy = (4) + (5) + (6) 
9 (4) sal 
eo aCe eae apd tePxX’ (P) - X(P) + 
= -X(P) - up + P X'(P) + X(P) + 
= P X' (P) 
oto) nd 38) are just the same expressions of cael and cts) 











respectively in appendix 1. 
So that the first- and second-order conditions for maximiza- 
tion of welfare function are the same expressions in appendix l 


ema appendix 2. 
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1.5. Extension of the Model in Section 1.4 

In the previous section we introduced u as a continuous 
random variable with nonzero mean. Now we would like to move 
the demand function upward a distance wu, and random variable 
u becomes random variable v with the probability density 
function f(v) but the mean of v is equal to zero, and the 


same variance with u. 


oO 


of 
fv E(v) av = 0 


= 0O 


p 4 
+ 00 


s y* f(v) dv < ow 


= 00 





If the value of v 1s negative, and large enough to make 
demand smaller than the capacity 2Z. 


The area A" now equals: 


NNN xt (Ry -v) 
A" = ff f (v) f [X(t)4vtpJdt + Pe (X(P)+yt+v] | dv 
oo p 
X(P) stat S Z 
VS z2-X(P)=-.u 
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If v is positive and large enough, demand will be greater 


than z and area B" equals: 


00 x77 (-y-v) 
eee 6 C6f f (v) f PG) iy id cee o>) + ey] dv 


= E[l,] = E[L,] 


ee x74 (2-u-v) 
E(u, ] = f Sty af [X( t) +y+v-z)]dtdv 
Z2-X(P)-yu Pp 
E(L.] = f P[X(P)+ut+v-z] £(v) dav 
Z-X(P)- M 
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fo xX “(-u-v) 
fore = f £(v) f [X(t)+utv] dtdv 
P 


+ P[X(P)+u] - E[L, ] = E[L. ] 
Expected sales equals: 
Z-X (P)-yu o0 


bes |] = i [X(P)+utv]£(v)dv + f z £(v) dav 
—o Zee je | 


The welfare function W. TLS & 


We. eee ee ero) en SZ 
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mie LrErrSt-oraer Conditions for maximization: 





oW., 00 
7a el [P-b) X'(P) f(v) dv = 0 
AO (es) eat 
us 7 =] 
LS = Hi ErCy) [X (Z-u-v) -b] dv - BR = Q 
Ca ean 
Appendix 4 
The optimum price is still equal to b, independent of 
any constant value that is added to X(P). 
Pew SeCend eo mce a nCOndltLlOns ace megative 1 P 2 b 
2, aw, 
—V ; <20 Appendix 5 
dZ 9p? 
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Appendix 4 


eee heet Be — b ELS) — Bz 


8) 
co x7 + (-p-v) 
Gae— ff (v) f {[X(t)+ut+tv]dtdv + P[X(P)+p] 
—0o P 
co ose 
(8) = - f se Ne i [X(t)+utv-z] dt 
Z-X(P)-u P 
+ P[X(P)+p+v-z] dv 
Z— CP a 
oF =.= b af [X(P)+utv] £(v) dv 
se Zoid) aeGlyy, - £82 
Zee 4 
Ww, ee ts oe + (9D 


Assume that all integrals involved in taking derivatives 


exist when v increases toward infinity. 


Sie 











= f £(v) [-X(P)-u-v]dv + X(P) + p + P X'(P) 

= P X'(P) 

pry (ay, —[{X(P)+ptv—-z] + X(P) +utv—-z 

Z-X(P)-u 
+ Pp 0] dv + 
x74 (g-u-2+x (P) +u) =P 
ESE T)) || iF [X(t)+ut+z-X (P)-u-zjdt 
Pp 


Pee eC hos (Pa Vaz x (bP) 


- f Paes! (Poe hy ay 
Za 


Z-X(P)-u 


a = —h if X' (P)£(v) dv + [X(P)+u4+z-X(P)-u]> 


eee Ete iy) = Zi (Za RKP) {pedo P) ) 


6 (EH) UU 
= <b f CI G2 Ve setae aebi, 


ao OO 


a2 











eS o(7) 0 (8) dio) 
“7 oP oP oP 
00 Zarace ) 1 
= PX'(P) - f Pe CP) tty) “dv =- b di KP) yea 
Z-X(P)-yu — oo 
OW. Z-X(P)-u 
a ag [P=DIe Xt ejeet (iv) dv = 0 
ey) 
OZ =e 
= 
i X ~(Z-yU-v) 
aS =- f a) if = uache 
Z-X(P)-u P 
+ ix¢x7t(2-u-v)) + y+v-—-2zj- PRP dv 
ert 2k CE ai) 
. x | (2-u-z+X (P) 4+) =P 
J (X(t) +utz-X(P)-yu-zjdt 
Pp 


+ P[X(P)+y+z-X(P)-u-z] 


= f lap = Wa hy 
Z-X(P)-y 


33 








oP] 
-_—_~ 
\O 
ed 





fo] 
N 


UW 


OQ 
N 


OW 


Q 
N 


_ 9(7) 


-b ate) aperteynn £(z-X(P)-1p) 


th aff f(v) dv - z £(2-X(P)-u) - B 
Ze 


-b f f(v) dv - B 
Zoe) 


0 (8) 
OZ 


O09) 


r OZ 


OZ 3 


f Ko (aay se) Oa Oe -b f 
Zee) = Ze) 1 


f bE Reese) - b]) £(v) dav - 8B 
Z2-X(P)-u 
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Appendix 5 





aw. 7A Dh \J21) NU 
a s Pe one CE) ee (vy) ely 


am OO 


This integral exists when v increases toward infinity 


Semwe Can take the derivative 








9° W 74612 
= = ec ete jx (P) t (zZ—x(P) ji): (=X* (P)) 
oP —0o 
Z—-X(P) =u Z 
= f eee Cn ames CP) ) = i (z= x (P) =) 
Kee <0 DLiE P > b_ then: 
9° 
5 < 0 
oP 
aW., 2 =] 
ae f ae ZV) Olle ey )uady= =) 76 
Zio 5 2) all 


Assume this integral exists when v + » then: 


3D 





3“W 0 
sf S— (xh (z-u-v) -b] £(v) dv 
dz Ze 1 





- [x *(z-p-z+x(P) +n) -b] £(z-X(P)-p) 


f S— (x7) (z-u-v) -b] £(v) av 
z-X(P)-p °? 


SORES) AE ea CS ae) 
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CHAPTER (Ei 


Numerical Computations and Graphs 


2.1. The Trend of Output when Variance of Risk Increases 
In the general case, demand function has a linear form, 


downward sloping. 


X(P) = a + cP 


ae a 6 CONnstant (> 0) 
ee: a constant (< 0) 
Eemunit price of output 


b,B: are poSitive constants and are defined in the 
previous section 


Under the stochastic demand, we see that the optimum 
price always equals b, the short run marginal operating cost, 
and is independent of the mean and variance of risk. But 
the optimum output z is dependent on the mean and variance of 
risk. Now we study the optimal output z when variance of 
risk increases. 


It is eaSier when we use the model in Section 1.3, 


Efu] = 0 


tee Optimum point: 


Z,* such that: 
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[X-*(z,*-u) -b] faye — f= 0 (2) 











See 
2) a © 
oV2n 
X(P) = a + cP 
and x +(2-u) = ——- 
! 
Substituting in (2): 
7 PAG agar _ 
f [ os — b) £(u) du - 8B =a 
Z-a-cb 
1 u4 1 D4 
a Tey a owe aya / 
= D f 1 i e Zo du - o i e BE cg = 0 (3) 
D Y2qr : V 2 
where: D = z-a-cb 


az _ _ fo 
00 eZ, 
fo: derivative of (3) with respect to 
£7: ee Gerivative Of (3) Well BesSpect tO Z 
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1 Z DG 
as = a en > 0 appendix 6 
= a ary 4s 
Loe = 2 du 
V27 & 


U > Z-a-cb 


ez > J) sbeve eben, he atteabotetil  jereutighe | (4 Atel) 7 


that means that when o increases then z increases, or o and 


Z vary in the same direction. 
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Appendix 6 
































Call: 
2 iw 2 -L ut 
foz) = D Js : = e 9) du - f L = e ao) du - c& = 0 
D 27 D 27 
CO -1 uw co _1 y? 
fom Ber Tauaas exes. 6 (dx 
D 2m D/o 27 
1 DY 
aes 1 - Da 
¥ 2m 
= ~iv _ivd 
mieez) = Ds z “ e ou lis) ie! = e Se 2 cB = 0 
D V2T V2 
D = z-~a-cb 
Pe EC, Z) 
OZ 
2 1 we -i De 
= f = ¢ 3 oie eens S eee (-sSr(2D) Je 
D \2n \f27 V2iL 
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EZ fo. any p> 
































mot (oc ,Zz) 
co 00 
= : = 
=pf ai 2 Se Gi A we a 4o an 
O re) 
D J 27 
fi Dp? _1 D? 
1 2 Of 1 OD? ce 
=< e = ya = 
2m ae 0 
= 1 u? l ¥2 
aay Ie co ae 
Df eo vate eX 
Cp V2n 2 D/o V Oar 
_1 De 
4 if OR 
27 
_1 Dt 
= L Cc ao > 0 
V2n 
al bs 
a BZ 
pee io _ )27 > O 
00 eZ _ oe uv 
if 1 L © 26 du 
V 2a 2 
D 
Ck > O 
O 


41 











yee. The Trend of Output When Mean of Risk 
Distribution Increases 


When the mean of risk distribution is not equal to 
zero, the optimum decisions are the solutions of the first- 


@necer conditions in section 1.4. 





Z>™ such that: 
f(u,z) = ff [x *(Z,*-u) -~b] f(u) au - B = 0 
Z,*-X(b) 
2 
i SINC ers o:constant 
~2 (Yoh 2 
= il al O 
£ (u) — oO eS 


with the same demand function in section 2.1. The implicit 


function f(u,z) becomes: 








moe z) = Df E(u) du - fu E(u) du - cB = 0 
D D 
ee + (YoY 2 J Dou) 2 
f(u,z) =7Hs—--e* %  au- 9 c= cB = 0 
D \2n Na 
D = Z-a-cb 
42 


where 


And, as 


So that 
the mean of 


same amount 


Eero, 2) 
fu = aT 
fp = Of) 

OZ 


appendix 7 shows: 


oF] 
5 


the optimum output increases the same amount as 
risk distribution increases, or decreases the 


of the mean of risk distirbution decreasing. 





constant 


d: 
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Appendix 7 




















Pi hs. 2 IL Baan 
f(u,z) = ne, = ao Au = e ao 
Sp ¥ 2m V2 
1 ey 3H ogy? 
fz=-f 2 ° Quiet Pe ie 2 
Sp V2n V20 
OE ae ae 
= a (] > oie) (=) i 
27 
= 21 CMe 
2%! 1 Oo 
fz =—f e du > 0 
2 D V2r 
EZ > O 
z eee 
fee 6 ee FO Ogu tt PR HI BY 
2D V 20 ae Zit 2 
1 (utp) 2 _ “5 (Bob) 2 - 
a OU Sy Gi Game’ : a 
V2n . 
i (ur) 2 
om i iL O D fe UA 
a fi e au + — if —— ( ) 
Foy Noe o* 5 pe O 
1(u Uy 2 ~ ; => (FH) 2 
e 0 foe SS SSS 
O "ipa 
-1 (BrL) 2 
eae f : = ad du 
eb V2n 
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Bee Consequence of Section 1.5 

If u is normally distributed with mean yw and variance 
o*, and v is also normally distributed with mean zero and 
weriance 0°, the same variance as u. 


The demand function is just the same as in the previous 


section, 


so the solutions of section 1.4 become: 











Pez) = (D-y) f L =e Bon O du - Z e ae - cB 
D V2 27 
De=aZ- od Ch (appendix 7) 
1 ,D-y, 2 
D-1 O See 
£(u,z) = (D-u) [1 - o(=*)] - 2 - cB = 0 


V2a 


and mhe solutions SOfySectlon 1.5 are the same solutions of 


section 1.4 above (Appendix 8) 
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Thus the demand under normal distribution of risk with 
mean uw and variance o*is the same as adding a positive 
constant yw to the demand and the risk becomes normally 
distributed with mean zero and the same variance; or the 
second model in sections 1.4 and 1.5 are just the same under 


those conditions above. 
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Appendix 8 


The first-order conditions of section 1.5 are: 


Z_* is the solution of equation f£* (uz) 








f*¥(uz) = Sf [xX “(g-u-v) -b] flv) dv - 8 = 0 
5S) oa 
f£*(u,z) = Ff (D-uv) £E(v) dv - Ff v E(v) dv - cB = 0 
D-u p= 
2 (Bou) 2 
= (D-u) {1-o( 4%} - A e * T° - B= 0 
27 
D -L vo 
D-1 1 1 20 
2 ora 2 Vom Chas wy D = ee eb 


These solutions are the same as the solutions in section 
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yea. Numerical Computations and Graphs 


p03) 
It 


10 units be oo 


Q 
I 
1 
~ 
WD 
Il 
YY 
I 


Use the model in section 1.3 with mean of risk distribution 
equal to zero; the optimum output zis the solution of this 


equation: 








1 u2 1 D* 
© —— —- 2 ome 
De f — e =o du - —-e ae cp = 0 
boven we V2n 


There are many optimum output z when variance o* has some 


Special values, keeping the mean constant and equal to zero. 






nN 


yal JE 

Dioe ees. 
2 

8 Ze 

Orda 2 

8.88 Shes, 
4 

2.9 “59 


The relationship between z* and o 1s expressed by the implicit 
function above. Now we try to express z as a linear functicn 


Or 0, 
4 + Bo 


N 
It 
Q) 
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Using the least squares method, we can obtain the value 


of 4 and B: 


623163 


> 
Ht 


om) 
Ht 


~ 745 


Zi 6.5603 + . 7450 


Bias LUNCtiICNn 1S Upward sloping with co, so Zz increases as 


the value of o increases: 


vi 
10 
6 » ie 
5) 
mee. 4 
° OW 
y yi 
g e 
1 e , 
O S i oD 3 4A ZS 
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Now we hold the variance o? constant and equal to l. 
Let the mean of risk distribution vary and observe the 
optimum output z*. Under these conditions the optimum output 
Z-51s the solution of the equation £(u,z) = 0 in section 2.2. 


We rewrite that equation as the following: 











oo 23 (AL, = 
mod, 2) — (Dry) Ff Lay ag = 5° du 
D V2nT g 
-i (Dou) 2 
- ar go © + S[e 7b 
27 
Or: 
2 (Bry) 2 
(D-y) {1 - o(F Hy) - Se * F = cg = 0 


27 


These are the solutions of z in the case variance o is equal 


te 1. 





We can express Zz aS a linear function of wv, this function is 
upward sloping with u. 


Zee} bs lh, 
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Clean Gg Ses eM ENE 


Papen Ore xii ZGAlttOn Or THE EAPECTED PROFIT 


wee”)6hThne 6 Model of Maximization of Profit 
In this model, we also set the quantity z and price P 
before we know the actual demands. Demand is a random 


wartable, and it 1S a function of P and us: 
Demand = X(P) + u 


where u is normally distributed with mean yp and variance o?. 


The expression of profit is: 


I = PQ. - CZ 
where: om = the actual sales 
Qn = min[X(P) + u, Zl! 
Gi VeOsteper UnLt in production 
Therefore: 
fie—eP xX (P) + >uy = c'z ie OO XA) +a < 2 
Il, = Pz - c'z ete OG ee ot) eZ 
Z-X(P) oo 
E(I] = f Meek (ye cus + f Ne 1g 108) cs pel 
— 00 Z-X(P) 
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Our problem is to try to maximize the expected profit 


Hyer irst-Ooraer conditions £or maximization are: 











ee 
-= Y 

dE (TI) O 2 

= [X(P) + P X'(P) -zt+u4u] o(Y) +2- e = 
6 V2n 
a Za ae) ae 
O 
BE (I) _ a a 
e = P{l @(Y) ] Cc 0 


Appendix 9 


The second-order conditions for maximization are: 





2 
eee = 2x'(P) o(y) + [X(P) + P X'(P) - 2 +a] £(2-x(P))- 
oP 
lee? 
-= Y 
(SS) Ge Logs ¢ 
27 
9° (M1) 
—> = -p £(z-X(P)) < 0 
OZ 
Appendix 9 
Z-X(P) 
where: 6(Y) = f £1) au 


= 


In our model with the linear demand X(P) = 10 - P, 
u is normally distributed (y,07). Substituting in the 


expressions above: 
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2 
og E(l) ~ 2 e(y) - P £(y) < 0 


9p- 


heme nat tie SOlUtIons Of the first-order conditions are the 


global maximum solutions of the problem. 
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Appendix 9 











ZaxP) 
Ey = = eax sey os | fF(u) du 
+ f [P<c'J2 £(u) du 
Z-X(P) 
Z-X(P) 
a =: | x “Wf i8 set ae) flu) dau 
+ fs cecnyeacxcen - ce £(z-X(P)) (-X' (P) ) 
+ f Ber (uy  aue— (Po= c'lz £tz—=x(P)) (=-xk* (P)) 
Z2-X(P) 
= = Z2-X(P) 
= [X(P) + P X'(P)] (AEE) + ff u £(u) du 
+ 2f1 - o( X=; 
sey 
dE (II) Oo ort 
sp ee Ge) eee er et ie 7 Oo (Xo) te 7 e 
V27 
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dE (I) _ f Po fu eau, - even + 2- X(P)) - c'z 


~£(z2-X(P)) + ff [P-c'] f(u) du - [P-c'] z £(2z-X(P)) 
Z-X(P) 








Beet l) 7 Bei 
ve — aed O(Y) J c' = 0 
2 Zeb) 
: a = [K'(P) + X'(P)] if fe el mele tek) ) este AE ee ats 
9P ac 
L,z-X(P)-—p, 2 
z-X(P)-p i a reese 
SNe) ta) ee) 
V 27 
=e ot Y) e+ (XCP) + PX “(Pyru-zy £(2=—x(P) ) 
2 
== 
- X'(P) Y L = 
27 
Be ENC) 
5 = 2X'(P) o(Y) + [X(P)+PX'(P)+y-z) £(2-X(P)) (-X' (P)) 
oP 1.2 
ve Ja 
5 SRC ieee ar 
Jaye 
9° E (I) 
5 = -P f(z-X(P)) < 0 
Jz 
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Pa tooo caienornte \r*,zZ") under a Change in 
Mean and Variance of the Distribution u 


We introduce the same demand function, and the same 


value of a, c, b, 8 


X(P) = a + cP 
where: a = 10 b= 2 
c=-l B= 1 


Mae tirst-Oraer conditions now become: 


0 


fy fa + 2cP + ,~- z) o(Y) + 2a - 
V 20 





epee Pit = O{¥)] - c* = 0 


Now we keep the mean constant and equal to zero. The 


following results are the solutions of equations (5) and (6) 


meecorcding to each value of variance oca?. 








om p* Ages yp = 0 
5 6.41 Doo 

it G72 33740 

iS, Ge 22 3.847 

2 Gree lell SA Ys. 

Disco 6 4 

3 Sy (shes: 4.03 

Bm Srey Be) 4.0575 

4 Sve ele 4.04 


wo] 











As variance increases, the price slowly decreases, and 
the optimum output increases a little. 
Using least squares, we can find the function z*(0), and 


P*¥(o) as the linear function of o: 


aed 


3.8 


Jef 
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6.4 : 
CL < 
6 ® 
5.8 
Te 
> 
4 2 3 4 om 


Now keep the variance o constant and equal to l. The 
solutions of equation (5) and equation (6) are tabulated 


as follows: 








u px “aes o =] 
a5. 6.6 4.015 

ih 6.84 4.315 

igs. eee: A595 

2 GAS S 4.88 

2D Wea eae 56S 

3 ae, 5.43 

oi SoZ Sie 7h 

4 ees: oe 
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When wu increases, both price and optimum output increase. 


We can estimate the linear relationship between z* and u, 


P* and u. 

*k* = § ° k= 
Z- a. + or ; P. ay + By Ms 

a. = 3.745 aa 62355 
< 3 a 

Feat 

5:4 

/ z; BO as 

5 

4.3 

4.4 

4. > 
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$4 


7.9 


7.4 


\> 
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CHAP DER LV 


CONCLUSION 


We have developed two kinds of models, the first is to 
maximize the expected social welfare, the second is to 
maximize the expected monopoly profit; both models involve 
random demand. There are three essential factors in 
determining the optimal price and production level decisions 
mom a £irm. 

a) the shape of the demand curve 
Peene mannem in which Frisk enters the demand eaten 
erethe distribution of risk wu. 

Under riskless demand, the optimum price and output for 
maximization of the welfare function are determined. Adding 
risk to the demand function X(P) reduces the optimum price. 

If the mean and variance of risk u are allowed to vary, 
the optimal price P* remains constant and equals the short 
run marginal operating cost, but the optimal output varies 
directly with mean or variance of risk u. Also, the optimal 
output under risk is greater than the equilibrium output in 
the deterministic model. 

When the variance of risk stays constant and equals one, 
the optimal output varies directly and the same scale with 
the mean of risk u. 

The optimal solutions are the same when the random linear 


demand curve X(P) + u with normal distribution (u,07) of 
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risk u is shifted upward a distance pwith normal distribution 
Mro-) of risk u. 

It is easy to understand this effect because of the 
symmetry property of normal distributions. In Chapter III 
the demand function and the risk u for the expected profit 
model are the same as in Chapters I and II. With the mean 
of risk set equal to zero and allowing the variance to 
increase, the optimum price decreases slowly and the optimum 
output increases slowly. 

Allowing the mean to vary while the variance is set to 
one causes optimal price and output to vary directly but very 
little. Therefore, this model is less sensitive to risk than 
the models of Chapters I and II. If the demand curve is not 
linear downward sloping and additively separable in P and u 
Geerisk has a complicated distribution, then it is difficult 


to draw conclusions for operating the firms. 
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